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The 3-dimensional (cubic) case of the Jacobi-Perron algorithm is con- 
sidered. In the classes of periodical algorithms hitherto known, the period 
length was always either 3, or 4, or 9. In Part I, a new class of cubic irrationalities 
is found whose algorithms are periodical with a period of length 8. In Part II, 
the algebraic units derived from these algorithms are discussed and found 
to be equal to the square of a fundamental unit. 
PART I: THE UNSOLVED PROBLEM OF THE JACOBI-PERRON ALGORITHM 
AND PREVIOUS RESULTS OF THE AUTHOR 
The Jacobi-Perron Algorithm, a generalization of the ordinary con- 
tinued fraction algorithm to higher dimensions, proceeds as follows: let 
I/,-,(n 2 2) be the real Euclidean vector space of n - 1-tuples of real 
numbers; let 
a(O) = (lp,..., a~L1) (0.1) 
be a fixed vector in V,-, . Let b(O) = [a(O)] = ([u,(O)],..., [oFI]). Then new 
vectors aCVU’ in V,-, are formed by the transformation T of V,-l into 
I’,-, by means of the recurrent relation 
&dT ~ a(“+d = 1 cd 
a’“’ - b:“) (4 - b’,“‘,..., a?$ - b%l , l), 
1 
(u = 0, l,...; a?’ # b?‘), 
b(“+l) ~ [a(“fl)] = ([ap”‘],..., [a~:;‘]). (0.2) 
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We define 
(&VTk-1) T  = a’O’Tk, (k = 1, 2,...; a’O’TO = a’O’) (0.3) 
to denote by aco)Tk the Jacobi-Perron Algorithm of the initial fixed 
vector a(O). 
We say that a(O)T” is periodic, if for certain rational integers L > 0, 
M 3 1 with min L = X, min M = ~1 we have 
The vectors 
a(OtTAfs = a’O’TA (0.4) 
u’~‘T”(zJ = O,..., X - 1); &‘)TA+“(u = 0 ,-**, p - 1) 
are called, respectively, the preperiod and the period of at”)Tk; if X = 0, 
a(O)T” is said to be purely periodic. X + p is the length of the (periodic) 
a’O’T” 
If IZ = 2 then the Jacobi-Perron algorithm becomes identical with the 
Euler-Lagrange continued fraction expansion of the real number ~2:~). 
This is periodic precisely if ur) is a real quadratic irrationality [see, e.g., 
Hasse, Vorlesungen iiber Zahlentheorie 2, Aufl., Berlin, 1964, s. 16, 5B]. 
The central question of the Jacobi Algorithm is its periodicity precisely 
in the case that u$“’ is an algebraic number of degree n. 
In the present paper certain new cases are added to the small list of 
known cases of periodicity.r*2 
An important tool for the investigation of a(O)T” are the nonnegative 
rational integers AI”), defined by Perron in [4] by the recurrency relation 
. I 
7X-l 
&+d = &' + c gd&+d (0 = 0, l,...; i = 0 ,..., n - 1). 
j=l 
For the Perron Matrix (At”), the important formula holds 
1 A?) , Apfl),..., Ao(v+n-l)I 
A’“’ 
1 
, &+I) Ah+& 
,.*a, 1 = (-l)tm-1). 
I A’“’ A’“_+” A 19 n 1 ,..., A?:l”-l) I 
1 Recent computational efforts proved inconclusive s. [2b]. 
*The author takes the opportunity to express his thanks and appreciation to the 
editor for many valuable suggestions. 
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Of the many other formulas involving the numbers Ai”’ we shall mention 
here only one of which use will be made in Part II of this paper: 
1 0 )...) &+“-I) A(“+l) 
4 
(0) , A(“+l) 
1 
A (r+n-1) 
,**.> 1 
(0) 
a2 
, Ap+l) ,..., &++I) (-l)v(n-1) = 
A?) + ar)Ac+l) + . . . + &&A~+n-l) 
at?1 , A?<” ,..., At-y-‘) 
(v = 0, l)... ). (0.7) 
In order to formulate these results better we shall introduce the following: 
DEFINITION. A natural number N will be called a PR-number, (Positive 
Remainder number) if it has the form (for n > 2) 
N = Dn + d, 0 < d < (D + 1)n - (D” - nD) (D, d naturals). 
N will be called an NR-number if 
N = Dn - d, 0 < d < D” - (D - 1)” - nD (D, d naturals). 
In [l(a)] the author has proved the theorems 
(i) Let N be a PR-number of the form 
N = D” + d, D 3 (n - 2)d; 4D; n > 3; 
let further be . 
w = (D” + d)l/y a(O) = (w, cd,..., cd-l); 
Kw 
(0.9) 
(0.10) 
(0.11) 
then a(O)T” is periodic; the lengths of the preperiod and the period are, 
respectively, 
h=n-1; p,= nF 
I 
if dfl; 
1, if d=l. 
(ii) Let N be a PR-number of the form 
N=D”+pd; D 3 (n - 2)pd; dlD; n =p’ 
(r = l,...; n > 3;pisaprime), (0.12) 
let further be 
w = (D” +&Y”; a(O) = (co, oJ2 ,...) cd”-1). (0.13) 
Then a(O)T” is periodic with length of the preperiod and period as in (i). 
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In [l(c)] the author has proved the theorem: Let N be a PR-number of 
the form 
N=D3+3D; D > 2; (0.14) 
let further be 
a(O) = (w, w”). 
Then ato)Tk is periodic; the lengths of the preperiod and the period are, 
respectively, 
x = 4; p = 4. (0.15) 
From these two theorems it now becomes obvious that, in the cubic case, 
the maximal length of the period of a(O)T”, ato) = (w, u2), w = $%, 
N a PR-number, for the infinitely many classes of N, so far discovered is 4. 
In Part I of this paper an infinite class of cubic irrationals w  is discovered 
for which a(O)(w, w2) Tk becomes periodic with period length being 8. 
For NR-numbers it has been proved in [lb] that in the cubic case the 
maximal period length of a periodic Jacobi Algorithm would be nine. 
PART II: JACOBI-PERRON ALGORITHM OF CUBIC IRRATIONALS WHOSE 
PERIOD LENGTH IS EIGHT 
The main result of this paper is stated as 
THEOREM 1. Let N be a PR-number of the form 
N = D3 + 60; D = 2K; K>2 (K a natural). (1.1) 
Let further be 
w = (D3 + 6D)li3. 
The Jacobi-Perron Algorithm of theJixed vector ato) = (w; CO”) is periodic; 
the preperiod has the length X = 4, and the period has the length p = 8. 
The preperiod has the form 
b’0’: 2K 4K2 + 3 
b(l): K-l K 
b(2): 0 1 
(1.2) 
b(3): 1 2K- 1 
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the period has the form 
/#4': 2K - 1 3K2 + 1 
b’“‘: 2K- 1 2K 
b'7'; (8). 0 1 
b'8'. 4KO 1 12Kh+ 2 7 
b'9'. 
&lo'; 
K-I K 
0 1 
b"l'. 3 2K-3. 
(I.31 
Proof. Because of the recurrent relations (0.2), the successive vectors 
a(“’ of a(O)(w, w2)F will have the form 
(v) au2 + bw + c a, = 
awe + pw” + y ’ 
(a) 1 a2 = 
mJ2 + pJ + y . 
(1.4) 
But it is advisable to rationalize the denominators in (1.4) in the well- 
known manner as practiced in earlier papers. The successive vectors a(“’ 
of a(O) (w, w2)T” thus will assume the form 
Mtz ’ 
a,w2 + b,w + c, (1.5) (0) a2 = 
M, 
(2: = 0, l,...). 
The generation of the vector a(“+l’ and their derivation from the 
preceding vector a(“) (V = 0, l,...) is based on the following theorem 
which was proved by Perron and myself and is as yet unpublished. 
Let m be any natural number, w  = vm, a(O) = a(O’(w, w”). If a(“), a(“*l’ 
are two successive vectors in a(O)T”, then the coefficients of their corre- 
sponding components with rationalized denominators are related by the 
equations 
Bu” - 4yv - M&l”)) = Mva,+1 , 
maw2 - &,tyv - Kbi”‘) = KL,, 
tyv - M,b1”‘)2 - m4A = M,c,+~ ; 
mtd,+l + /%~+l) + (rv - M&l”‘) C,+I = Mdfa+~ ; (l-6) 
a,c,+, + b,b,+l + Cc, - M,b?)) a,,1 = NP,+I , 
mana,,, + bvc,+l + Cc, - M,bt)) &,+I = W$L+, , 
m(aubwtl + b,a,,+J + (c, - M,b?“) C,+I = M,Y,+I . 
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Here, as before, 
b(d = ad + /Lw + Ye 
1 [ I iv”. ) 
b(“) = avw2 + b,w + c, 
(1.7) 
The development of ac”)Tk in our case will, therefore, proceed in the 
following steps: 
(i) describea’“) = (a:‘), ap’) (v = 0, l,...), 
(ii) calculate b(“) = (bp), br’), 
(iii) calculate a(“+l’ = (a:‘+“, ap+“) by means of formula (1.6). 
The calculation of b (*) by the defining principle bi”’ = [aivv’] (i = 1, 2) 
would be cumbersome. A new method is proposed here which leads to 
the calculation of b(“) with satisfactory precision. We obtain binomial 
series 
w = (D3 + 6D)lj3 = D 1 + L) 
( 
113 
02 
= D [l + (“,‘)(&) + (‘f)(&)‘+ (‘f)($)” + --] 
=D [ 2 I+.,--+ 4 40 3Do + . ..I. 
2 4 840 
w=D+~-~+~.~~. (0 < e d 1) 
Since the above series is convergent in view of D = 2K 3 4, 
6/D2 < 318 < 1. But 40/3D6 < 0.02, for D 3 4, and we can write 
Similarly 
w = D + g - -$ + .0208 (0 < I9 < 1). (1.8) 
w2 = D2 + 4 - $ + .0428 (0 s e < 1). (l-9) 
Thus, w  = 2K + l/K - 1/2P; w2 = 4K2 + 4 - l/K2 up to error terms 
which turn out to be insignificant. We shall now develop (w, w2)Tk in a 
chain of steps (i)-(iii). We note that in our case 
m = D3 + 60 = 8K3 + 12K. (1.10) 
al (o)=w. a$LW2. 9 (1.11) 
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cyo = 0; p. = 1; y0 = 0; a, = 1; b, = 0; cg = 0; M, = 1) 
@’ = [D + ; - $1 = D = 2K, 
b!’ = [D2 + 4 - $1 = D2 + 3 = 4K2 + 3, 
b(O) 1 = 2K 9 
b”’ 2 = 4K2 + 3. (1.12) 
We obtain further from (1.6) 
12-o(0-l*2K)=1~al, 
a, = 1, 
(8P + 129. O2 - l(0 - 1 .2K) = 1 * b, , 
bl = 2K, 
(0 - 1 . 2K)2 - (8K2 + 12K) . 0 . 1 = 1 . c1 , 
cl = 4K2, 
(8K3+12K)(0.2K+1.1)+(O-l*2K)*4K2=1.MI, 
A41 = 12K. 
1.4K2+0.2K+[O-l(4K2+3)].1 =l.cyl, 
011 = -3, 
(8K3 + 12K)l . 1 + 0 . 4K2 + [0 - 1(4K2 + 3)] * 2K = 1 . PI, 
P1 = % 
(8K3 + 12K)(l .2K + 0 . 1) + [0 - 1(4K2 + 3)] * 4K2 = 1 .y~, 
y1 = 12K2 , 
11) -3w2 + 6Kw + 12K2 a, = 
12K ’ 
(1.13) 
(lj _ u2 + 2Kw + 4K2 
a2 - 12K ’ 
From (1.13) we obtain, by definition, 
bp’ = [ -3w2 + 6Kw + 12K2 = -3w2 + 6Kw + K 
12K I [ 12K 1 
=K+ 
-12K2 - 12 + & + 12K2 + 6 - f 
12K 1 
zzz 1 =K-1, 
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by’ = [ 2 + 2Kw f 4K2 
12K 1 
4K2 + 4 - + + 4K2 + 2 - -$ + 4K2 
= 
12K 1 
bf’ = K - 1 7 b(l) = K. 2 
From (1.13), (1.14) we obtain, in virtue of (1.6) 
(1.14) 
cY1 = -3. b 2 2KPl = m y1 = 12Kz; 
a, = 1; 1 7 cl = 4K2; Ml = 12K. 
(2) a2 = 
(3K + 3) o2 + (6K2 - 6K + 9) w + 12K3 + 30K . 
36~3 - 18~2 + 66K - 27 
$) = (--3K + 4) co2 + (6K2 + 2K + 3) w + (-2K2 + 9) 
’ (1.15) 
36K3 - 18K2 + 66K - 27 
From (1.15) we obtain, by definition 
bf’ = 
= 
= 
b(2) = 
1 
- 
= 
[ 
(3K + 3) co2 + (6K2 - 6K + 9) w + 12K3 + 30K 
36K3 + 1 8K2 + 66K - 27 1 
(3K + 3) (4K2 + 4 - &) 
+ (6K2 - 6K + 9) (2K + f - &) + 12K3 + 30K 
36K3 - 18K2 + 66K - 27 
9 9 
42K3+66K+6+K-- 
36K3 - 18K2 + 66K - 27 1 = ” 
[ 
(-3K + 4) w2 + (6K2 + 2K + 3) o + (-2K2 + 9) 
36K3 - 18K2 + 66K - 27 1 
ji 
(-3K + 4) (4K2 + 4 - $j 
+(6K2+2K+31(2K+&&) + (-2K2 + 9) 
36K3 - 18K2 + 66K - 27 
3 5 3 
18K2+27+K---- =. 
36K3- 18K2f66K-27 1 * 
b(2) = 0. 
1 , 
bc2) = 1. 
2 (1.16) 
56 BERNSTEIN 
From (1.15), (1.16) we obtain, in virtue of (1.6) 
a2 = -3K+4; /I2 =6K2+2K+3; y2 = -2K2 f 9 
a2 = 3K + 3; b, = 6K2 - 6K + 9; c2 = 12K3 + 30K 
&f, = 36K3 - 18K2 + 66K - 27 
(3) a, = 
-w2+4Kw+(2K2+3). 
6K2 + 1 9 
w  a2 = 
(I( + 1) w2 + (2K2 - 4K + 1) w + (4K3 - X2 - 2K - 3) 
6K2 + 1 
(1.17) 
From (1.17) we obtain, by definition 
bp’ = [ -w2 + 4Kw + (2K2 + 3) 
6K2 + 1 1 
(4K2+4-+)+4,(2K++-&) + 2K2 + 3 
6K2 + 1 
= 1; 
(K + 1) (4K2 + 4 - -:,) + (2K2 - 4K + 1) 
X 
( 
bK+ 1 1 
3 
- - + 
2K3 1 
(4K3 - 2K2 - 2K - 3) 
bt’ = 
6K2 + 1 
=[ 
12K3 - 6K2 + 6K - 3 - f + + - & 
6K2 + I 1 
=2K-1 
bp’ = 1; bc3) = 2K - 1. 2 (1.18) 
We further obtain from (1.17), (1.18), in view of (1.6) 
(4) _ 4fJJ + 8(K - 1) . ai4’ = 2w2 + 4Kw + 4(2K2 + 1) 
al - 8 ‘- 8 
or 
(4) a, = 
2w + 4CK - 1) . (4j _ w2 + 2Kw + 2(2K2 + 1) 
4 , a,- 4 
(1.19) 
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From (1.19) and (1 A), (1.9) we obtain 
by = [ 2w + 4(K - 1) 
4K+++4K-4 
= 4 4 1 2K- 1; 
bk’ = [ w2 + 2Kw + 2(2K* + 1) 
4 1 
I 
4K2 + 4 - $ + 4K2 + 2 - + + 4Kz + 2 
= 
4 I 
= 3K2 f 1. 
bp’ = 2K- 1. 9 b?’ = 3K2 + 1. (1.20) 
From (1.19), (1.20) we now obtain, in virtue of (1.6) 
(5) 
a, = 
- &co2 + 2Kw + l0K2 . (5) 
6K 3 
a2 = w2 + 2:; + 4K2. 
One should notice the fractional coefficient of w2 in a:‘), this is due to 
previous canceling in one of the steps, which is generally not advisable. 
Multiplying by 2, we obtain 
a~’ _ --co2 + 4Kw + 20K2. 2w2 + 4Kw + 8K2 - lZK 7 a$’ = 12K 
. (1.21) 
From (1.21) we obtain, in virtue of (1.8) (1.9) 
bf’ = [ - co2 + 4Kw + 20K2 
12K 1 
=I -4K2 - 4 + $ + 8K2 + 4 - 4 + 20K2 - 12K I 
w2 -+ 2Kw + 4K2 
b:’ = [ (jK ] 
=[ 
4Kz+4-$+4K2+2-&++K’ 
6K I 
12K2 + 6 - -$ 
6K 1 = 2K; 
bc5) = 2K- 1. 
1 3 b@‘) = 2K. 2 (1.22) 
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From (1.21), (1.22) we obtain, in virtue of (1.6) 
(6) a, = 
(-4K+ 3) a2 + (4K2+ 6~ + 2)~ + 8K3 - 12K2 - 4K + 2 
12~8 - 12K2+ 24K- 1 
.y = 
(K + 1) ~2 + (2K" - 4K + 1) w + 4K3- 8K2 + 16K. (123) 
d 12~3 12K” + 24K 1 - - 
From (1.23) we obtain, in virtue of (1.8), (1.9) 
/p = [ 
(-4K+ 3)02+(4K2+ 6K+ 2)~ + 8K3- 12K2-4K +2 
12K3 - 12K2 + 24K - 1 3 
(-4K+ 3)(4K2+ 4 -&j + (4K2 + 6K + 2) (2K + f - &j 
i zzz 12K3 - 12K2 + 24K - 1 
8K3- 12K2- 4K + 2 
+ 12~3 - 12K2 + 24K - 1 
I 
12K2 - 12K + 20 + ; - & - & 
= 
12~3 - 12~~ + 24K - 1 ]=o: 
b!) = [ 
(K+ 1)w2 + (2K2 - 4K+ 1)~ + 4K3 - 8K2 + 16K 
12K3 - 12K2 + 24K - 1 1 
(K + 1) (4K” + 4 - &j 
+ (2K2 - 4K + 1) (2K + + - &, 
i - 
12~3 - 12~~ 4 24K - 1 
4K3- 8K2+ 16K 
+ 12K3 - 12K2 + 24K - 1 
1 
i 
12K3 - 12K2 + 24K - + + & - & 
= 
I 
zz 
12~3 - 12K2 + 24K - 1 
1, 
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since 
I -- 
K +++1* 
We have thus obtained 
b(6) = 0. 1 , by = 1. 
We further obtain from (1.23), (1.24), in virtue of (1.6) 
(1.24) 
(7) = al 
-2w2 + 8Kw - (8K2 - 4) 
48K2 + 8 7 
(,) = (4K + 2) w2 + (8K2 - 8K + 4) w + 16K3 + 8K2 - 8K - 4 
a2 48K2 + 8 
(1.25) 
From (1.25) we obtain, in view of (1.8), (1.9) 
bI” = [ -2w2 + 8Kw - (8K2 - 4) 
48K2 + 8 1 
-2(4K2+4-&)+8K(2K+&&) - 8K2 f 4 
= 
48K2 + 8 1 
= 0. 
b;’ = [ 
(4K + 2) ~2 + (8K2 - 8K + 1) w + 16K3 + 8K2 - 8K - 4 
48K2 + 8 I 
=i 
(4~+2)(4K2+4-$)+(8K~-8K+4)(2K+&&) 
48K2 + 8 
+ 
16K3+ 8K2- 8K- 4 
48K2 + 8 1 
48K3 + 8K2 + 24K - 4 - ; + $ - & 
z 
48K2 + 8 1 = K. 
We have thus obtained 
b(7) = 0. 
3 b(‘) = K. 2 (1.26) 
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From (1.25), (1.26) we obtain, in virtue of (1.6) 
(8) 
al = w  + (2K - 1); a$' = oJ2 + 2Kw $- (4K’ + 2). (1.27) 
From (1.27) we obtain, in virtue of (1.8), (1.9) 
bI”’ = [w + (2K - 1)] 
[ 
1 1 
= 2K + K - 2K3 +2K - 1] = 4K - 1 
bf’ = [cd + 2Kw + (4K2 + 2)] 
= [4K’ + 4 - + + 4Kz + 2 - + + 4K3 + 21 = 12K2 + 7. 
b(S) = 4K - 1. 
1 b(*) = 12K2 + 7. 2 (1.28) 
To find ar’, a:‘), we shall use direct calculation instead of formulas (1.6), 
and obtain, from (1.27). (1.28) 
(8) 
al - bp’ = w - 2K; a$’ - b:) = w2 + 2Kw - (8K2 + 5) 
(9) a, = 
co2 + 2Kw - (8K2 + 5) . (9) 1 
w _ 2K > 
a2 = 
w - 2K 
als) = [co” + 2Kw - @K2 + 5)1[w2 + 2Ku~ + 4K21 
(w - 2K)(w2 + 2Ko + 4K2) 
zzz -55~~ + 2Kw + 28K2 . 12K 3 
(9) a2 = 
co2 + 2Kw + 4K2 co2 + 2Kw + 4K2 
(w - 2K)(w2 + 2Kw + 4K2) = 12K 
(9) a, = -55~~ + 2Kw + 28K2, 
12K 9 
aBj = co2 + 2Kw + 4K2 
12K . 
(1.29) 
From (1.29) we obtain, in virtue of (1 .8), (1.9) 
b$” = [ -50” + 2Kw f 28K2 
12K I 
-5(4K2+4+)+2K(2K+&&) + 28K2 
= 
12K 1 
= L 12K2 - 18 + $ 12K 1 =K-1; 
bf’ = [a?‘] = [a:‘] = b!’ = K. 
btg’ = K - 1. 
1 bt’ = KS (1.30) 
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From (1.29), (1.30) we obtain, in virtue of (1.6) 
( 
(--K+ 6)w2 +(10K2 - 6K+ 5)~ 
(10) = 
Ql 
+ (-16K3 + 30P + 8K + 25) ) 
84~3 - 78K2 + 42K - 125 , 
($0) = (7Kf 5) ~2 + (14K2 - 2K + 25)~ + (28K3 + 32K2 + 22K) 
84~3 - 78K2 i- 42K - 125 
(1.31) 
From (1.31) we obtain, in virtue of (1.8), (1.9) 
(-K+ 6)(4KZ+4 - $1 
+ (10K2 - 6Kf 5)(2K+ f - &) 
= - 
84K3 - 78K2 + 42K- 125 
+ (-16K3+ 30K2 + 8K+ 25) 
84K3 - 78K2 + 42K- 125 
1 
I 
42K2+24K+43+&&& 
- 
84K3 - 78K3-t 42K - 125 1 - =z 0 
(for K > 2). 
+(14K2 - 2K+ 25)(2K+ + - & 
zz.z 
84K3 - 78K2 + 42K- 125 
(28K3+ 32K2 + 22K) 
+ 84K3-78K2+42K-125 =" I for K > 4. 
NB. The equality b, ‘lo) = 1 holds only for K >, 4. That the algorithm 
becomes periodic with period as indicated in (1.2), also for K = 2, 3 
should be calculated directly; this is left as an exercise to the reader. 
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We have thus obtained 
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b(ld 
1 z(); ,~),z 1. 
We further obtain from (1.31), (1.32), in virtue of (1.6) 
(11) = =w2 + 4Kw + (14K2 + 5) 
a1 6K2+ 1 
(1.32) 
&l) _ w  + 1) "2 + (2K2 - 4K+ 1)~ + (4K3 - 14K2 - 2K-- 5) - 
6K2$1 
(1.33) 
From (1.33) we obtain, in virtue of (1.8), (1.9) 
b(ll) = [@‘I 
1 
=[ 
- (4K2+4-&)+4K(2K++-&) + (14K2 + 5) 
6K2+ 1 
=i 18K2$- 6K2f 5 - 1 & 1 
= 
3 
=l( (K+ l)(4K2 + 4 - $) + (2K2 - 4K+ 1) 1 X i ~K+K- 1 - 1 + 2K3 (4K3 - 14K2 - 2K- 5) 6K2$- 1 
12K3-18K2+6K-5+;+&-&) 
6K2+ 1 1 
=2K-3, 
,i"' =3. 7 bp'=2K-3. 
We have thus obtained 
p = 4w +(8K- 8). (12) = 8 t a2 
2w2 + 4Kw + (8K2+ 4) 
8 
(1.34) 
(1.35) 
(12) = a1 
2w + 4(K - 1). (12) = w2 + 2Kw + 2(X2 + 1) 
4 9 a2 4 
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Comparing (I. 19) with (1.35) we obtain 
so that 
(12) 
al 
(4) = a, ; (12) = (4) 4 a2 p (1.36) 
a(4) = au2) (1.37) 
and the algorithm is periodic with length of preperiod h = 4 and length 
of period p = 8. By the formulas (1.2i), (i = 6,..., 17) it is also verified 
that the preperiod and the period of the algorithm have the form given 
in (1.2) and (1.3). Thus, Theorem 1 is fully proved. 
PART III: UNITS OF THE FIELD GENERATED BY W = (03 + 6D)1/3 
In [2] it was proved, that if the Jacobi-Perron Algorithm becomes 
periodic, whereby h is the length of the preperiod, and p the length of 
the period, then 
(A) (hfl) 
a4k 
(Afu-1) a.0 a,-, (2.1) 
is a unit in the algebraic number field, to which the initial fixed vector 
a’O’ = (a:“,..., arIP) belongs. The calculation of the product (2.1) is 
sometimes a cumbersome operation. In our case we would have to 
calculate the product 
a(4)a(5) *,* (11) 
2 2 a2 f (2.21 
and in view of the rather complicated expressions of the a;) (i = 4,..., 11) 
appearing in the Jacobi-Perron Algorithm of ato) = (w, w2), w = 
(D3 + 6D)lj3, this would be rather long winded. We shall, therefore, 
state a useful theorem which is found to be more convenient to use for 
our purpose. 
THEOREM 2. Let a(O)T” be the Jacobi-Perron Algorithm of the algebraic 
10) vector a(O). If the components a:‘), a, ,..., aLoLI of the fixed vector a(O) 
are algebraic integers and the components ap’, a?‘,..., aplI of some vector 
a(*) (v > 1) are also algebraic integers, then 
E = At) + a$@+l) + ajd&+d + . . . + a$jlA,(“f”-l) 
(2.3) 
is a unit of the algebraic number field to which a:“,..., aclI belong. 
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Proof: From (0.7) we obtain that 
1 
qU) .+ q/p+" + alu)/4(v+2) i . . . + ($&qli+n-l) (2.4) 
0 20 
is an algebraic integer, since the entries of the determinant to which it is 
equal, are also algebraic integers. But the inverse of (2.4) is also an 
algebraic integer, by condition of the theorem. This completes the simple 
proof. 
In our case, it is the vector a@), obtained in (1.27), which satisfies the 
conditions of the theorem with 
(8) 
al = w + (2K - 1); a$) = w2 + 2Kw + (4K2 + 2). 
Therefore 
E = A:) + [w + (2K - l)] A!’ + [w” + 2Kw + (4K2 f 2)i A?) (2.5) 
is a unit of the field generated by o = (D6 + 6K)lj3. 
We shall now simplify E. One obtains easily, in virtue of (0.5), and taking 
into account the pattern of the preperiod and period as stated in (1.2), 
(1.3) 
/g(3) = 1. 
0 
A(4) = K 
0 7 A(5) = K 0 2 A(‘) = 1 + 2K. 0 9 
A(‘) = 1 + 7K2 + 6K4; At’ = -1 + 5K - 2K2 + 18K3 + 12K5; 
A(‘) = 5K + 18K3 + 12K6* 0 , 
A (10) 
0 = 1 + 12K2 + 24K4 + 12Ks 
(2.6) 
From (2.5) (2.6) we now obtain 
E = (1 + 12K2 + 24K4 + 12K6)w2 
+ (7K + 42K3 + 60K5 + 24K’)w 
+ (1 + 36K2 + 132K4 + 144K6 + 48K*). (2.7) 
We shall now calculate c-l.* For this purpose we have to rationalize the 
denominator which is done by the same methods as used in Part II. 
Eventually we obtain 
c-1 = (K2 - 1)w2 + (2K3 + 5K)w - (8K4 + 12K2 - 1). (2.8) 
* In [2a] a’different method to find c was given. 
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Now, of course, nothing is said about the question whether or not e-l, 
simple as it looks, is a basic unit of the field. In [2a] it was proved that in 
the fields created by 
0 = (D” + d)l@, w  = (D” - #I”, 
d 1 D, n 3 2, d, D naturals, 
(n - 2) d < D, respectively 2(n - 1) d < D (2.9) 
(w - D)‘l 
d (2.10) 
is a unit. One must ask, whether this simple formula would hold in our 
case, viz., w  = (D3 + 6D)1/3, so that in (2.10) d has to be substituted by 60. 
We obtain 
(QJ - 0)” = w3 - 3Dw2 + 3D2w - D3 
60 60 
D3 + 60 - 3Dw2 + 3D2w - D3 = = 
60 
-f-+ KOJ+ 1. 
(w - D13 = 1 
60 - z co2 + Kw + 1. (2.11) 
But --&” + I&J + 1 is an integer. To verify this we have to prove that 
&ZJ” is an integer. Let be 
&o” = x, cd = 2x, UP = 8X3 (D3 + 6D)2 = 8X3, 
(8K3 + 12K)2 = 8X3, 64K6 + 1!i2K4 + 144K2 = 8X3, 
X3 = 8K6 + 24K4 + 18K2, 
so that $6~” is an integer. To show that the integer -$w2 + Kw + 1 is a 
unit we have to prove that its norm is + 1 or -1, We obtain 
N (cm ,-,“‘” ) = (03 - D3)3 (ho)3 (6D)3 = 1 -(60)5 . 
Thus 
Et = (0 - DJ3 = 
60 
+“+Kw+l 
is a unit in the field. The author [5] has proved that it is a fundamental 
unit. It follows that 
(E’)~ = (-+J~ + Kw + 1)2 = 1~” + (K2 - 1)w2 
- Ku3 + 2Kw + 1 = &(8K3 + 12K)w + (P - l)wa 
- K(8Ks + 12K) + 2Kw + 1 = (K” - 1)w2 
+ (2K3 + 5K)w - (8K4 + 12K2 - 1). 
(E’)2 = c-1 (2.12) 
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which shows that ~~ is a fundamental unit. The author did not succeed 
in generalizing this interesting result. 
Concluding, we shall demonstrate by one example how a unit can even 
be found by means of the Jacobi-Perron Algorithm which is not known 
to be periodic. As long as the conjecture has not been proved that the 
Jacobi-Perron Algorithm of any suitably arranged algebraic vector ato) 
becomes periodic, this method can substitute for the rule stated by (2.1) 
in the case of a periodic algorithm. 
Let 
w = v/o3 - 30, D a natural > 3. (2.13) 
The Jacobi-Perron Algorithm of u(O) = (0, 09) has so far not shown 
periodicity even though a considerable number of steps were used. The 
first six steps proceed as follows: 
u(O). w  cLJ2 
b(O). D-l D2 - 3 
c 
-2(D - 2) 09 + (D2 - 3) w 
&'. + (D - 1)(D2 - 3) 1 . w2 + (D - 1) w  + (D - 1)” 
3D2- 6D+ 1 ’ 3D2 - 60 + 1 
&I’: 1 1 
i 
(D-2)w2+(D2+D-4)~ 
1 i 
(D-1)2w2+(D2-3)(D-2)o 
a(2). +D(D--1)2 . 
+ D4 - 2D3 - Da + 4 ) 
3D3 - 6D2 - 30 + 8 ’ 3D3 - 6D= - 30 + 8 
b(2): 1 D-l 
i 
-2w2 + Dw 
1 i 
Do2 + (D2 - 4) w 
a(3). 
+ (3D2 + D - 6)(D - 2) . + (D - 2)(D2 - D - 4) 1 
3D2 - 8 9 3D2 - 8 
b(3): D-3 
~w2 + (D2 - 3) w 
t - (D 2)(Dz - - ($4). 3) 1 
3(D2 - 3) 
9 . 
b(4): 0 
a(5). -w+D . 
co2 - (D - 2) w + D ’ 
b(5): 
($61. 
b’6’: 
0 
W--l 
D-2 
D-2 
co2 + 2(D2 - 3) 
3(D2 - 3) 
1 
3w 
~2 - (D - 2) w + D 
1 
w2 + (D - 1) w + (D* - 2) 
3D2 - D - 3. 
(2.14) 
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From this table it is seen that the components of a@) are integers, and 
this is sufficient to calculate a unit by Theorem 2. We obtain 
E = At’ + (w - 1) A$) + [co2 + (D - 1) w  + (02 
From (2.14) we calculate easily, on basis of (1.2) 
A(3) = 1. 
0 9 &’ zzz 1. At’ = D. > 
A@) = 02 - D - 2. 
0 9 
A’?) = D2 - D 
0 
A@ = D2 - 1 
0 
From (2.15), (2.16) we obtain 
- 
- 
2)] A!‘. (2.15) 
1; 
(2.16) 
E = (D2 - 1)w2 + (OS - 2D)w + (D4 - 3D2 + 1). (2.17) 
Calculating l -l we obtain easily by methods developed in Part II 
e-1 = w2 -D~w+l. (2.18) 
As would be expected, we obtain again 
(2.19) 
That this unit is a fundamental unit of the field generated by w, has been 
proved by the author [5]. 
In a forthcoming paper it will be shown that there must always appear 
an integer vector a(“) with integer components a:“‘, up) in the cubic case, 
so that units can be found by the Jacobi-Perron Algorithm without 
knowing whether or not it becomes periodic. A numerical example will 
illustrate that statement here. In [lc] the author proved that the vector 
($0’ = (w, w2), w  = m becomes periodic, with D >, 2. For 
D = 1, we obtain o = q/4, and so far nobody has been able to decide 
whether or not (%, Y16) becomes periodic. In [2b] a program was fed 
into a computer for the Jacobi-Perron Algorithm, but without success. 
We shall show here how easily a unit of the field generated by $0 can 
be obtained disregarding periodicity. 
d”)Tk for do’ = (T/4, fmg, w  = $3, 
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proceeds as follows: 
a(O’. w  
@‘I. 1 
&'. 
-w”+2w+21 
3 ) 
b’l’: 0 
($2). 4w _. 
8 ’ 
b(2): 
a(3). 
0 
-4w" + 8w 
16 ’ 
b(3): 
Q(4). 
0 
w 
w2 
2 
d+w+l 
3 
1 
2w” + 4 
8 
1 
8w2 
16 
1 
w2 + w + 2. 
Since ut4) is an integer vector, a unit of the field generated by w  is given, 
following Theorem 2) by 
E = A?’ + A$J + A$)(W2 + w + 2). 
From the development of a(O) we calculate 
(2.20) 
/j(3) = 1. 
0 > 
A(4) 
0 
=l; /(jLl; &‘=2. (2.21) 
From (2.20), (2.21) we thus obtain 
E = 202 + 30 + 5. (2.22) 
Calculating c-l, we obtain 
c-l= --w2+o+1. (2.23) 
Writing v/4 = ql + 3 and denoting D = 1, d = 3, we obtain again 
Et = (w - Dj3 = co3 - 3Dw2 + 3Dw - D3 
d d 
0.3 - 3w2 + 3w - 1 4 - 3w2 + 3w - 1 = 
3 3 9 
and we have here once again 
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